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PARTIAL THETA FUNCTION IDENTITIES FROM
WANG AND MA’S CONJECTURE
CHUANAN WEI
Department of Medical Informatics
Hainan Medical University, Haikou 571199, China
Abstract. Recently, Wang and Ma put forward a conjecture concerning the possible
generalization of Andrews-Warnaar identities. It is confirmed in this paper. As the
applications of this conjecture, we prove that a family of series can be expressed by
partial theta functions and construct some new partial theta function identities.
1. Introduction
For an integer n and two complex numbers x, q with |q| < 1, define the q-shifted factorial
to be
(x; q)∞ =
∞∏
i=0
(1 − xqi), (x; q)n =
(x; q)∞
(xqn; q)∞
.
For simplifying the expression, we shall adopt the following notations:
(x1, x2, · · · , xr; q)∞ = (x1; q)∞(x2; q)∞ · · · (xr ; q)∞,
(x1, x2, · · · , xr; q)n = (x1; q)∞(x2; q)∞ · · · (xr; q)n.
Following Gasper and Rahman [8], define the basic hypergeometric series by
1+rφs
[
a0, a1, · · · , ar
b1, · · · , bs
∣∣∣∣ q; z
]
=
∞∑
k=0
(a0, a1, · · · , ar; q)k
(q, b1, · · · , bs; q)k
{
(−1)kq(
k
2)
}s−r
zk.
Then a known terminating summation formula (cf. [8, p. 42]) can be stated as
6φ5
[
a, qa
1
2 ,−qa
1
2 , b, c, q−n
a
1
2 ,−a
1
2 , aq/b, aq/c, aqn+1
∣∣∣∣ q; aqn+1bc
]
=
(aq, aq/bc; q)n
(aq/b, aq/c; q)n
. (1)
Sums of the form
∞∑
n=−∞
qAn
2+Bnxn(A > 0, x 6= 0)
are called (complete) theta functions. A nice result is the famous Jacobi triple product
identity (cf. [8, p.15]):
∞∑
n=−∞
(−1)nq(
n
2)xn = (q, x, q/x; q)∞. (2)
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Sums of the form
∞∑
n=0
qAn
2+Bnxn(A > 0) (3)
are called partial theta functions owing to the above fact. Following Andrews [2, 3], any
q-series identity containing sums such as (3) is called a partial theta function identity.
Partial theta function identities first appeared in Ramanujan’s lost notebook [12]. Two
results from page 4 and page 12 of it are laid out as follows:
∞∑
n=0
q
n(n+1)
2 an =
∞∑
n=0
(q; q2)nq
n
(a; q)n+1(q/a; q)n
+
∞∑
n=0
(−1)n+1qn(n+1)a2n+1
(−q, a, q/a; q)∞
,
∞∑
n=0
qn(n+1)an =
∞∑
n=0
(qn+1; q)nq
n
(a; q)n+1(q/a; q)n
−
∞∑
n=0
qn(3n+2)a3n+1(1− aq2n+1)
(a, q/a; q)∞
.
A full treaty and a more complete bibliography on this topic can be found in Andrews
and Berndt [4, Chapter 6].
A nice partial theta function identity due to Warnaar [15, Theorem 1.5] reads as
θ(q, a) + θ(q, b)− 1 = (q, a, b; q)∞
∞∑
n=0
(ab/q; q)2n
(q, a, b, ab; q)n
qn, (4)
where the symbol on the left-hand side is
θ(q, x) =
∞∑
n=0
(−1)nq(
n
2)xn.
Obviously, (4) is a generalization of (2). Subsequently, Andrews and Warnaar [5, Theo-
rem 1.1] gave the product formula of partial theta functions:
θ(q, a)θ(q, b) = (q, a, b; q)∞
∞∑
n=0
(ab/q; q)2n
(q, a, b, ab/q; q)n
qn. (5)
Berkovich [6] pointed that (5) is a special case of Gasper-Rahman product formula (cf.
[8, p. 235]) and showed that (4) is equivalent to the following result due to Schilling and
Warnaar [13, Lemma 4.3]:
θ(q, a)− θ(q, b)
a− b
= −(q, aq, bq; q)∞
∞∑
n=0
(ab; q)2n
(q, aq, bq, ab; q)n
qn. (6)
It should be mentioned that Alladi and Berkovich [1] derived another two-parameter
generalization of (2):
∞∑
n=0
(−1)nq(
n
2)+2n
{
a
a− 1
θ(q, aq1+n) +
b
b − 1
θ(q, bq1+n)
}
(ab; q)n
(q; q)n
+
1− ab
(1− a)(1− b)
∞∑
n=0
(−1)nq(
n
2)+2nθ(q, q1+n)
(ab; q)n
(q; q)n
= (q, aq, bq; q)∞.
For more formulas related to partial theta functions, the reader may refer to the papers
[7, 9, 10, 11].
Recently, Wang and Ma [14] established the following theorem.
Theorem 1. Let m,n be nonnegative integers and a, b complex numbers. Then
Um(b)θ(q, a) = (q, a, b; q)∞
∞∑
n=0
(abqn−1; q)n
(q, a; q)n
Vm,n(a, b)
(b; q)m+n
qn,
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where the notations Um(b) and Vm,n(a, b) stand for
Um(b) =
∞∑
k=0
(q1−m; q)k
(q; q)k(bqk; q)m
(1− bq2k)b2kq2k
2
−k+mk,
Vm,n(a, b) = 2φ1
[
q−m, q−n
abqn−1
∣∣∣∣ q; bqm+n
]
.
When m = 0, it reduces to (5). In the same paper, Theorem 1 was employed to deduce
the following two beautiful results.
Theorem 2. Let a and b be complex numbers. Then
θ(q, a) = L(a, b) + bL(aq, bq),
where the symbol on the right-hand side is
L(a, b) = (q, a, b; q)∞
∞∑
n=0
(ab/q2; q)2n
(q, a, b, ab/q2; q)n
qn.
Theorem 3. Let a and b be complex numbers. Then
θ(q, a) =
q
q + b
P (a, b) +
b(1 + q)
q + b
P (aq, bq) +
b2q
q + b
P (aq2, bq2),
where the notation on the right-hand side stands for
P (a, b) = (q, a, b; q)∞
∞∑
n=0
(ab/q3; q)2n
(q, a, b, ab/q3; q)n
qn.
By expressing L(a, b) in terms of θ(q, a) and θ(q, b), Wang and Ma offered the directed
proof of (6). The fact leads us to consider that whether P (a, b) can be expressed through
partial theta functions.
Based on Theorems 2 and 3, Wang and Ma put forward the following conjecture con-
cerning the possible generalization of Andrews-Warnaar identities at the end of their
paper.
Conjecture 4. For any integer m ≥ 2 and complex numbers a and b, define
Pm(a, b) = (q, a, b; q)∞
∞∑
n=0
(ab/qm; q)2n
(q, a, b, ab/qm; q)n
qn.
Then θ(q, a) can be expressed as a linear combination of {Pm(aq
k, bqk)}m−1k=0 , namely,
θ(q, a) =
m−1∑
k=0
λk(m, b)Pm(aq
k, bqk),
where the coefficients λk(m, b) are independent of a.
If the conjecture is true, it is natural for us to ponder over that whether Pm(a, b) can be
expressed via partial theta functions.
The structure of the paper is arranged as follows. We shall confirm Conjecture 4 in
Section 2. As the applications of this conjecture, we prove that a family of series can
be expressed by partial theta functions and construct some new partial theta function
identities in Sections 3 and 4.
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2. Confirmation of Wang and Ma’s conjecture
Theorem 5. For any integer m ≥ 2 and complex numbers a and b, there holds
θ(q, a) =
m−1∑
k=0
(qm−k; q)k(bq
k−m+1)k
(q; q)kQm(bq1−m)
Pm(aq
k, bqk),
where the symbol Pm(a, b) has been given in Conjecture 4 and the sign Qm(b) is
Qm(b) =
m−2∑
i=0
(q2−m; q)i
(q; q)i(bqi; q)m−1
(1− bq2i)b2iq(2i−2+m)i.
Proof. Replacing m by m− 1 in Theorem 1, we obtain
Qm(b)θ(q, a) = (q, a, b; q)∞
×
∞∑
n=0
(abqn−1; q)n
(q, a; q)n
qn
(b; q)m+n−1
2φ1
[
q1−m, q−n
abqn−1
∣∣∣∣ q; bqm+n−1
]
.
By means of the relation
(x; q)k = (−1)
kq(
k
2)xk(q1−k/x; q)k,
we can proceed as follows:
Qm(b)θ(q, a) = (q, a, b; q)∞
×
∞∑
n=0
(abqn−1; q)n
(q, a; q)n
qn
(b; q)m+n−1
m−1∑
k=0
(q1−m, q−n; q)k
(q, abqn−1; q)k
(bqm+n−1)k
= (q, a, b; q)∞
×
∞∑
n=0
(abqn−1; q)n
(q, a; q)n
qn
(b; q)m+n−1
m−1∑
k=0
(qm−k, q1+n−k; q)k
(q, abqn−1; q)k
(bqk−1)k.
Interchange the summation order to get
Qm(b)θ(q, a) = (q, a, b; q)∞
×
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk−1)k
∞∑
n=0
(abqn−1; q)n
(q, a; q)n
qn
(b; q)m+n−1
(q1+n−k; q)k
(abqn−1; q)k
= (q, a, bqm−1; q)∞
×
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk−1)k
∞∑
n=0
(ab/q; q)2n
(q, a; q)n
qn
(bqm−1; q)n
(q1+n−k; q)k
(ab/q; q)n+k
= (q, a, bqm−1; q)∞
×
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk−1)k
∞∑
n=k
(ab/q; q)2n
(q, a; q)n
qn
(bqm−1; q)n
(q1+n−k; q)k
(ab/q; q)n+k
Shifting the summation index n→ n+ k, the last equation can be manipulated as
Qm(b)θ(q, a) = (q, a, bq
m−1; q)∞
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk−1)k
×
∞∑
n=0
(ab/q; q)2n+2k
(q, a; q)n+k
qn+k
(bqm−1; q)n+k
(q1+n; q)k
(ab/q; q)n+2k
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= (q, a, bqm−1; q)∞
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk)k
×
∞∑
n=0
(ab/q1−2k; q)2n
(q; q)n(a, bqm−1; q)n+k
qn
(ab/q1−2k; q)n
=
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk)k(q, aqk, bqk+m−1; q)∞
×
∞∑
n=0
(ab/q1−2k; q)2n
(q; q)n(aqk, bqk+m−1; q)n
qn
(ab/q1−2k; q)n
.
Employ the substitution b→ bq1−m to gain
Qm(bq
1−m)θ(q, a) =
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk−m+1)k(q, aqk, bqk; q)∞
×
∞∑
n=0
(ab/qm−2k; q)2n
(q, aqk, bqk, ab/qm−2k; q)n
qn.
Dividing both sides by Qm(bq
1−m), we achieve Theorem 5. 
It is evident that Theorem 5 becomes Theorem 2 when m = 2. Similarly, Theorem 5
reduces to Theorem 3 when m = 3. Substituting Theorem 5 into (5), we attain the
product formula.
Corollary 6. For any integer m ≥ 2 and complex numbers a and b, there holds
m−1∑
k=0
(qm−k; q)k
(q; q)k
(aqk−m+1)kPm(aq
k, bqk)
m−1∑
k=0
(qm−k; q)k
(q; q)k
(bqk−m+1)kPm(aq
k, bqk)
= Qm(aq
1−m)Qm(bq
1−m)(q, a, b; q)∞
∞∑
n=0
(ab/q; q)2n
(q, a, b, ab/q; q)n
qn.
When m = 2, Corollary 6 becomes the simple result:{
L(a, b) + aL(aq, bq)
}{
L(a, b) + bL(aq, bq)
}
= (q, a, b; q)∞
∞∑
n=0
(ab/q; q)2n
(q, a, b, ab/q; q)n
qn.
3. The applications of Wang and Ma’s conjecture
Theorem 7. Let m be an integer with m ≥ 2 and a, b complex numbers. Then Pm(a, b)
can be expressed as a linear combination of {θ(q, a/qk)}m−2k=0 and {θ(q, b/q
k)}m−2k=0 .
Proof. Theorem 5 can be written as
θ(q, a) =
m−1∑
k=0
λk(m, b)Pm(aq
k, bqk), (7)
where the coefficients on the right-hand side are
λk(m, b) =
(qm−k; q)k(bq
k−m+1)k
(q; q)kQm(bq1−m)
, k = 0, 1, · · · ,m− 1.
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Interchange the parameters a and b to obtain
θ(q, b) =
m−1∑
k=0
λk(m, a)Pm(aq
k, bqk). (8)
The difference of (7)× λm−1(m, a)− (8)× λm−1(m, b) produces
λm−1(m, a)θ(q, a) − λm−1(m, b)θ(q, b)
=
m−2∑
k=0
{
λm−1(m, a)λk(m, b)− λm−1(m, b)λk(m, a)
}
Pm(aq
k, bqk). (9)
The difference of (7)× λ0(m, a)− (8)× λ0(m, b) creates
λ0(m, a)θ(q, a)− λ0(m, b)θ(q, b)
=
m−1∑
k=1
{
λ0(m, a)λk(m, b)− λ0(m, b)λk(m, a)
}
Pm(aq
k, bqk).
Perform the replacements a→ a/q, b→ b/q in the last equation to get
λ0(m, a/q)θ(q, a/q)− λ0(m, b/q)θ(q, b/q)
=
m−2∑
k=0
{
λ0(m, a/q)λk+1(m, b/q)− λ0(m, b/q)λk+1(m, a/q)
}
Pm(aq
k, bqk). (10)
Define two signs by
α(m, a, b) = λ0(m, a/q)λm−1(m, b/q)− λ0(m, b/q)λm−1(m, a/q),
β(m, a, b) = λm−1(m, a)λm−2(m, b)− λm−1(m, b)λm−2(m, a).
Then the difference (9)× α(m, a, b)− (10)× β(m, a, b) brings out
α(m, a, b)
{
λm−1(m, a)θ(q, a)− λm−1(m, b)θ(q, b)
}
− β(m, a, b)
{
λ0(m, a/q)θ(q, a/q)− λ0(m, b/q)θ(q, b/q)
}
=
m−3∑
k=0
γk(m, a, b)Pm(aq
k, bqk),
where the coefficients on the right-hand stand for
γk(m, a, b) = α(m, a, b)
{
λm−1(m, a)λk(m, b)− λm−1(m, b)λk(m, a)
}
− β(m, a, b)
{
λ0(m, a/q)λk+1(m, b/q)− λ0(m, b/q)λk+1(m, a/q)
}
,
k = 0, 1, · · · ,m− 3.
Continue the above process. Finally, only the term Pm(a, b) is holden back on the right-
hand side. Thus Pm(a, b) is expressed as the linear combination of {θ(q, a/q
k)}m−2k=0 and
{θ(q, b/qk)}m−2k=0 . 
The proof of Theorem 7 offers us the method to express Pm(a, b) through {θ(q, a/q
k)}m−2k=0
and {θ(q, b/qk)}m−2k=0 . Utilizing this method, it is easy to derive (6) from Theorem 2.
Further, we can deduce the following partial theta function identity from Theorem 3.
Theorem 8. Let a and b be complex numbers. Then
a(b + q)
b(1 + q)
θ(q, a)−
b(a+ q)
a(1 + q)
θ(q, b) +
b+ q2
a+ b
θ(q, a/q)−
a+ q2
a+ b
θ(q, b/q)
= −
(a− b)(a− bq)(b− aq)
ab(a+ b)(1 + q)
P (a, b).
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Theorem 9. Let a and b be complex numbers. Then
abq + aq2 − b2 − bq3
q(a− b)b2
θ(q, a)−
abq + bq2 − a2 − aq3
q(a− b)a2
θ(q, b)−
1 + q
ab
= −
(a− bq)(b− aq)
a2b2
P (a, b).
Proof. First of all, we have the relation
a(b+ q)
b(1 + q)
θ(q, a) +
b+ q2
a+ b
θ(q, a/q)
=
a(b+ q)
b(1 + q)
θ(q, a) +
b+ q2
a+ b
{
1 +
∞∑
n=1
(−1)nq(
n
2)
(
a
q
)n}
=
a(b+ q)
b(1 + q)
θ(q, a) +
b+ q2
a+ b
{
1 +
∞∑
n=0
(−1)n+1q(
n+1
2 )
(
a
q
)n+1}
=
a(b+ q)
b(1 + q)
θ(q, a) +
b+ q2
a+ b
{
1−
a
q
θ(q, a)
}
=
a(abq + aq2 − b2 − bq3)
qb(1 + q)(a+ b)
θ(q, a) +
b+ q2
a+ b
.
Subsequently, we gain another relation
b(a+ q)
a(1 + q)
θ(q, b) +
a+ q2
a+ b
θ(q, b/q)
=
b(abq + bq2 − a2 − aq3)
qa(1 + q)(a+ b)
θ(q, b) +
a+ q2
a+ b
.
Substituting the last two relations into Theorem 8, we achieve Theorem 9. 
Corollary 10 (b = a
2+aq3
aq+q2 in Theorem 9).
θ(q, a) =
q(a+ q3)
a2 + aq2 + aq3 + q4
−
aq2(1 + q)(1 − q)2
(a+ q)(a2 + aq2 + aq3 + q4)
P
(
a,
a2 + aq3
aq + q2
)
.
Theorem 11. Let a and b be complex numbers. Then
q2
1 + q
Ω(a/q, b/q)−
ab(a+ b− q − q2)
(1 + q)(a+ b)
Ω(a, b)−
a2b2
q(a+ b)
Ω(aq, bq)
−
aq2 + bq2 − ab− abq
(1 + q)(a+ b)
=
(a− bq)(b− aq)
(1 + q)(a+ b)
P (a, b),
where the notation on the left-hand side is
Ω(a, b) =
∞∑
n=0
(−1)nq(
n
2)bnθ(q, aqn).
Proof. Above all, we have the relation
a(b + q)
b(1 + q)
θ(q, a)−
b(a+ q)
a(1 + q)
θ(q, b)
=
∞∑
n=0
(−1)nq(
n
2) ab(a
n+1 − bn+1) + q(an+2 − bn+2)
ab(1 + q)
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=
a− b
1 + q
∞∑
n=0
(−1)nq(
n
2) a
n+1 − bn+1
a− b
+
q(a− b)
ab(1 + q)
∞∑
n=0
(−1)nq(
n
2) a
n+2 − bn+2
a− b
=
a− b
1 + q
∞∑
n=0
(−1)nq(
n
2) a
n+1 − bn+1
a− b
+
q(a− b)
ab(1 + q)
∞∑
n=0
(−1)n−1q(
n−1
2 ) a
n+1 − bn+1
a− b
+
q2(a− b)
ab(1 + q)
=
a− b
1 + q
∞∑
n=0
(−1)nq(
n
2)
n∑
i=0
aibn−i
−
q2(a− b)
ab(1 + q)
∞∑
n=0
(−1)nq(
n
2)−n
n∑
i=0
aibn−i +
q2(a− b)
ab(1 + q)
=
a− b
1 + q
∞∑
i=0
∞∑
n=0
(−1)i+nq(
i+n
2 )aibn
−
q2(a− b)
ab(1 + q)
∞∑
i=0
∞∑
n=0
(−1)i+nq(
i+n
2 )−i−naibn +
q2(a− b)
ab(1 + q)
=
a− b
1 + q
∞∑
n=0
(−1)nq(
n
2)bnθ(q, aqn)
−
q2(a− b)
ab(1 + q)
∞∑
n=0
(−1)nq(
n
2)(b/q)nθ(q, aqn−1) +
q2(a− b)
ab(1 + q)
.
In the next place, we attain another relation
b+ q2
a+ b
θ(q, a/q)−
a+ q2
a+ b
θ(q, b/q)
=
∞∑
n=0
(−1)nq(
n
2)−n ab(a
n−1 − bn−1) + q2(an − bn)
a+ b
=
ab(a− b)
a+ b
∞∑
n=0
(−1)nq(
n
2)−n a
n−1 − bn−1
a− b
+
q2(a− b)
a+ b
∞∑
n=0
(−1)nq(
n
2)−n a
n − bn
a− b
=
ab(a− b)
q(a+ b)
∞∑
n=0
(−1)nq(
n
2)+n a
n+1 − bn+1
a− b
−
q(a− b)
a+ b
∞∑
n=0
(−1)nq(
n
2) a
n+1 − bn+1
a− b
−
a− b
a+ b
=
ab(a− b)
q(a+ b)
∞∑
n=0
(−1)nq(
n
2)(bq)nθ(q, aqn+1)
−
q(a− b)
a+ b
∞∑
n=0
(−1)nq(
n
2)bnθ(q, aqn)−
a− b
a+ b
.
Substituting the last two relations into Theorem 8, we obtain Theorem 11. 
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Corollary 12 (a→ aq, b→ q + q2 − aq in Theorem 11).
Ω(a, 1 + q − a)− a2(1 + q − a)2Ω(aq2, q2 + q3 − aq2)− (1− a)(1 − a/q)
= −(1 + q)(1− a)(1 − a/q)P (aq, q + q2 − aq).
Theorem 13. Let a, b, c and d be complex numbers. Then
∞∑
k=0
1− abq2k
1− ab
(ab, c, d; q)k
(q, abq/c, abq/d; q)k
q(
k
2)+2k
(
−
ab
cd
)k
Θk(q, a, b)
=
(a− b)(a− bq)(b− aq)
qab(a+ b)(1 + q)
(q, aq2, bq2; q)∞
∞∑
n=0
(abq; q)2n(abq/cd; q)n
(q, aq2, bq2, abq/c, abq/d; q)n
qn,
where the symbol on the left-hand side stands for
Θk(q, a, b) =
b(1 + aqk+1)
a(1 + q)
θ(q, bqk+2)−
a(1 + bqk+1)
b(1 + q)
θ(q, aqk+2)
+
1 + aqk
(a+ b)qk+1
θ(q, bqk+1)−
1 + bqk
(a+ b)qk+1
θ(q, aqk+1).
Proof. According to the definition of P (a, b), we get
∞∑
k=0
1− abq2k
1− ab
(ab, c, d; q)k
(q, abq/c, abq/d; q)k
q(
k
2)+2k
(
−
ab
cd
)k
P (aqk+2, bqk+2)
=
∞∑
k=0
1− abq2k
1− ab
(ab, c, d; q)k
(q, abq/c, abq/d; q)k
q(
k+1
2 )
(
−
ab
cd
)k
× (q, aqk+2, bqk+2; q)∞
∞∑
n=0
(abq2k+1; q)2n
(q, aqk+2, bqk+2, abq2k+1; q)n
qn+k
=
∞∑
k=0
1− abq2k
1− ab
(ab, c, d; q)k
(q, abq/c, abq/d; q)k
q(
k+1
2 )
(
−
ab
cd
)k
× (q, aqk+2, bqk+2; q)∞
∞∑
n=k
(abq2k+1; q)2n−2k
(q, aqk+2, bqk+2, abq2k+1; q)n−k
qn
=
∞∑
k=0
1− abq2k
1− ab
(ab, c, d; q)k
(q, abq/c, abq/d; q)k
q(
k+1
2 )
(
−
ab
cd
)k
× (q, aq2, bq2; q)∞
∞∑
n=k
qn
(q; q)n−k(abq; q)n+k
(abq; q)2n
(aq2, bq2; q)n
= (q, aq2, bq2; q)∞
∞∑
n=0
(abq; q)2nq
n
(q, aq2, bq2, abq; q)n
× 6φ5
[
ab, q(ab)
1
2 ,−q(ab)
1
2 , c, d, q−n
(ab)
1
2 ,−(ab)
1
2 , abq/c, abq/d, abqn+1
∣∣∣∣ q; abqn+1cd
]
.
Calculate the series on the right-hand side by (1) to gain
∞∑
k=0
1− abq2k
1− ab
(ab, c, d; q)k
(q, abq/c, abq/d; q)k
q(
k
2)+2k
(
−
ab
cd
)k
P (aqk+2, bqk+2)
= (q, aq2, bq2; q)∞
∞∑
n=0
(abq; q)2n(abq/cd; q)n
(q, aq2, bq2, abq/c, abq/d; q)n
qn.
Combining Theorem 8 with the last equation, we achieve Theorem 13. 
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Corollary 14 (cd = qab in Theorem 13).
∞∑
k=0
(−1)k
1− abq2k
1− ab
(ab; q)k
(q; q)k
q(
k+1
2 )Θk(q, a, b)
=
(a− b)(a− bq)(b − aq)
qab(a+ b)(1 + q)
(q, aq2, bq2; q)∞.
Employing the substitution c→ abq/c in Theorem 13 and then letting b→ 0, we attain
the following formula after the replacements a→ a/q2 and d→ b.
Proposition 15. Let a and b be complex numbers. Then
∞∑
k=0
(b; q)k
(q, c; q)k
q(
k+1
2 )
(
−
c
b
)k
θ(q, aqk) = (q, a; q)∞
∞∑
n=0
(c/b; q)n
(q, a, c; q)n
qn.
Corollary 16 (c→∞ in Proposition 15).
∞∑
k=0
(b; q)k
(q; q)k
(
q
b
)k
θ(q, aqk) = (q, a; q)∞
∞∑
n=0
1
(q, a; q)n
(
q
b
)n
.
The case b→ 0 of Corollary 14 and the case b→∞ of Corollary 16 are the same. It can
be stated as
∞∑
k=0
(−1)k
q(
k+1
2 )
(q; q)k
θ(q, aqk) = (q, a; q)∞.
4. More partial theta function identities
Theorem 17. Let a and b be complex numbers. Then
a2 + 2aq + aq2 − bq2 + ab
b(a− bq)(b− aq)
θ(q, a)−
(a+ q)(a+ b)
a(a− bq)(b− aq)
θ(q, b)
+
(1 + q)(b + q2)
b(a− bq)(b− aq)
θ(q, a/q)−
a(1 + q)(b + q2) + q(a2 − b2)
ab(a− bq)(b− aq)
θ(q, b/q)
= −
a− b
qab
S(a, b),
where the notation on the right-hand side is
S(a, b) = (q, a, b; q)∞
∞∑
n=0
(ab/q3; q)2n
(q, a, b, ab/q3; q)n
q2n.
Proof. Performing the replacements a → a/q, b → b/q in (6), we obtain the following
result (cf. [14, Corollary 3.1]):
L(a, b) = −
q
a− b
θ(q, a/q) +
q
a− b
θ(q, b/q)
= −
q
a− b
{
1−
a
q
θ(q, a)
}
+
q
a− b
{
1−
b
q
θ(q, b)
}
=
a
a− b
θ(q, a)−
b
a− b
θ(q, b). (11)
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It is interesting to see the relation
S(a, b) = (q, a, b; q)∞
∞∑
n=0
(ab/q3; q)2n
(q, a, b, ab/q3; q)n
qn
×
{
q
b
−
q
b
(1− bqn−1)
}
=
q
b
(q, a, b; q)∞
∞∑
n=0
(ab/q3; q)2n
(q, a, b, ab/q3; q)n
qn
−
q
b
(q, a, b; q)∞
∞∑
n=0
(ab/q3; q)2n
(q, a, b, ab/q3; q)n
(1− bqn−1)qn
=
q
b
P (a, b)−
q
b
L(a, b/q).
Substituting Theorem 8 and (11) into the last equation, we get Theorem 17. 
Theorem 18. Let a and b be complex numbers. Then
ab− a2q − aq2 + bq3
b(a− bq)(b − aq)
θ(q, a)−
ab− b2q − bq2 + aq3
a(a− bq)(b− aq)
θ(q, b)
+
q2(a2 − b2)
ab(a− bq)(b− aq)
=
a− b
ab
S(a, b).
Proof. First of all, we have the relation
a2 + 2aq + aq2 − bq2 + ab
b(a− bq)(b − aq)
θ(q, a) +
(1 + q)(b + q2)
b(a− bq)(b− aq)
θ(q, a/q)
=
a2 + 2aq + aq2 − bq2 + ab
b(a− bq)(b− aq)
θ(q, a) +
(1 + q)(b + q2)
b(a− bq)(b− aq)
{
1−
a
q
θ(q, a)
}
=
a2q + aq2 − bq3 − ab
qb(a− bq)(b− aq)
θ(q, a) +
(1 + q)(b + q2)
b(a− bq)(b− aq)
.
Subsequently, we gain another relation
(a+ q)(a+ b)
a(a− bq)(b − aq)
θ(q, b) +
a(1 + q)(b + q2) + q(a2 − b2)
ab(a− bq)(b− aq)
θ(q, b/q)
=
(a+ q)(a+ b)
a(a− bq)(b− aq)
θ(q, b) +
a(1 + q)(b + q2) + q(a2 − b2)
ab(a− bq)(b− aq)
{
1−
b
q
θ(q, b)
}
=
b2q + bq2 − aq3 − ab
qa(a− bq)(b− aq)
θ(q, b) +
a(1 + q)(b + q2) + q(a2 − b2)
ab(a− bq)(b− aq)
.
Substituting the last two relations into Theorem 17, we achieve Theorem 18. 
Corollary 19 (b = a
2q+aq2
a+q3 in Theorem 18).
θ
(
q,
a2q + aq2
a+ q3
)
=
(a+ q2)(a+ q3)
(a+ q)(a2 + aq + aq2 + q4)
−
a2(1− q)2(1 + q)
(a+ q)(a2 + aq + aq2 + q4)
S
(
a,
a2q + aq2
a+ q3
)
.
Corollaries 10 and 19 are both strange partial theta function identities. However, they
are different with each other.
In accordance with the proof of Theorem 7, it is routine to express P4(a, b) via {θ(q, a/q
k)}2k=0
and {θ(q, b/qk)}2k=0. Because the corresponding formula is complex, we only display the
case b = −a of it as follows.
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Theorem 20. Let a and b be complex numbers. Then
T (a) + T (−a) =
2(1 + q)2(1 + q2)
1 + q + q2
P4(a,−a),
where the symbol on the left-hand side stands for
T (a) =
a− a2 + aq − q2
1 + q + q2
θ(q, a) +
aq − a2 + aq2 − q4
aq
θ(q, a/q).
Theorem 21. Let a and b be complex numbers. Then
a2 − aq − aq3 + q5
2q2(1 + q + q2)
θ(q, a) +
a2 + aq + aq3 + q5
2q2(1 + q + q2)
θ(q,−a) + 1
=
(1 + q)(1 + q2)
1 + q + q2
P4(a,−a).
Proof. Above all, we have the relation
T (a) =
a− a2 + aq − q2
1 + q + q2
θ(q, a) +
aq − a2 + aq2 − q4
aq
{
1−
a
q
θ(q, a)
}
=
(1 + q)(a2 − aq − aq3 + q5)
q2(1 + q + q2)
θ(q, a) +
aq − a2 + aq2 − q4
aq
.
In the next place, we attain another relation
T (−a) =
(1 + q)(a2 + aq + aq3 + q5)
q2(1 + q + q2)
θ(q,−a) +
aq + a2 + aq2 + q4
aq
.
Substituting the last two relations into Theorem 20, we obtain Theorem 21. 
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